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Abstract 

In the paper we derive infinitely many conservation laws for the ABS lattice equations 
from their Lax pairs. These conservation laws can algebraically be expressed by means of 
some known polynomials. We also show that HI, H2, H3, Ql, Q2, Q3 and Al equation in 
ABS list share a generic discrete Riccati equation. 
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1 Introduction 

The celebrated ABS list pQ consists of totally nine quadrilateral lattice equations which are con- 
sistent around a cube(CAC) (3D-consistency with extra restriction: quasi-linearity, D4 symme- 
try and Tetrahedron property). A CAC equation itself provides a Backlund transformation(BT) 
as well as a Lax pair [lj. However, such a Lax pair seems hard to play a same role as useful 
as in continuous case, where from Lax pairs usually one can derive solutions either through 
Inverse Scattering Transform [2] or Darboux transformation [3], construct BTs [5], evolution 
equation hierarchy, commutative flows and infinitely many symmetries [3] and infinitely many 
conservation laws [5]. 

With regard to infinitely many conservation laws which serve as an integrability charac- 
teristic, there are many ways to derive them for continuous and semi-discrete integrable sys- 
tems [5TH0]. Using Lax pair is a simple way [5]l9l[T0]. For ABS lattice equations, their conserva- 
tion laws have been derived through a direct approach [IT] based on the idea of [12], symmetry 
approach |13H15j . Gardner's approach (using BTs and initial conservation laws) [151116]. and 
using quasi-difference operators and recursion operators [17], etc. In this paper, we will start 
from Lax pairs to derive infinitely many conservation laws for ABS lattice equations. In Ref. [9j 
(also see [10J ) we introduce two kinds of techniques to construct conservation laws respectively 
for the Toda lattice and Ablowitz-Ladik system. In fact, Gardner method used in |16] is closely 
related to the technique used for the Ablowitz-Ladik system [9]. However, one will see that we 
can easily write out the so-called initial conservation laws from Lax pairs, and infinitely many 
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conservations laws can algebraically be expressed by means of known polynomials. Besides, we 
also find many ABS lattice equations share a generic discrete Riccati equation. 

We organize the paper as follows. In Sec. 2 we introduce ABS list and the main idea of our 
approach. In Sec. 3 first HI equation serves as a detailed example to derive conservation laws. 
Then we list main results for H2, H3, Ql, Q2, Q3 and Al equation. Finally, also in this section, 
we derive conservation laws for A2 and Q4 equation in a slightly different way but still starting 
from Lax pairs. 



2 Preliminary and main idea 

Let us start from the following quadrilateral equation 

Q(u,u,u,u,p,q) = 0, (2.1) 

where 

u = u(n, m), u = E n u = u(n + 1, m), u = E m u = u(n, m + 1), u = u(n + 1, m + 1), 

E n and E m respectively serve as shift operators in direction n and m, p and q are spacing 
parameters of direction n and m, respectively. 
The ABS list reads [I] 

(u — u)(u — u) + q — p = 0, (HI) 

(u - u)(u -u) + (q-p)(u + u + u + u) + q 2 - p 2 = 0, (H2) 

p{uu + uu) — q{uu + uu) + 5{p 2 — q 2 ) = 0, (H3) 

p(u + u)(u + u) — q(u + u)(u + u) — 5 2 pq(p — q) = 0, (Al) 

(q 2 — p 2 )(uuuu + 1) + q(p 2 — l)(uu + uu) — p(q 2 — l)(uu + uu) = 0, (A2) 

p(u — u)(u — u) — q(u — u)(u — u) + 5 2 pq(p — q) = 0, (Ql) 
p(u — u)(u — u) — q(u — u)(u — u) + pq(p — q)(u + u + u + u) 

-pq(p-q)(p 2 -pq + q 2 )=0, (Q2) 
(q 2 — p 2 )(uu + uu) + q(p 2 — l)(uu + uu) — p(q 2 — l)(uu + uu) 

- S 2 (p 2 - q 2 ){p 2 - l)(q 2 - 1)/(4 M ) = 0, (Q3) 

p(uu + uu) — q(uu + uu) = k- 7T \{uu + uu) — pq(l + uuuu)] , (Q4) 

1 — p z q z 1 J 



where Q4 equation is of the form given by Hietarinta |18j . and in the equation P = p — kp + 
1, Q 2 = q 4 — kq 2 + 1 with parameter 5. 

If (|2.ip is a CAC equation, then it is easy to write out its BT 

Q(u, u,u,u,p, r) = 0, (2.2a) 

Q(u,u, u,u, r, q) = 0, (2.2b) 
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where r serves as a soliton parameter, and if u solves (|2.ip . so does u. Replacing u by 4>i/4>2, 
the above BT can be rewritten in terms of <f> = ((pi, 4>2) T as the following, 

M(u,u,p,r)(j), (2.3a) 
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N(u,u,q,r)<f>, (2.3b) 



where M and N are 2x2 matrices, an< ^ ^|jy| are ^° g uaran tee the consistency, and /3 and 7 

are constants that can be arbitrary but play key roles to get a solvable discrete Riccati equation. 
Equations (|2.3p can be a Lax pair of equation (|2,ip and r serves as a spectral parameter. A 
conservation law of f)2. 1 1) is defined by 

A m F(u) = A n J(u), (2.4) 



where A n = E n — 1, A m = i? m — 1 and u solves the equation (|2.ip . 

From the Lax pair (|2.3p we construct a formal conservation law in the following way. First 
we define _ ^ 

9 = —, r] = —. (2.5) 

Then noting that 

ln6* = A n ln0 2 , lnr/ = A m ln0 2 , (2.6) 

we immediately reach to 

A m ln6> = A n In 77, (2.7) 

which is a formal conservation law of the lattice equation related to the Lax pair ([2.3p , 

We find that for lattice equations HI, H2, H3, Al, Ql, Q2, and Q3 in ABS list, 9 satisfies a 
discrete Riccati equation of the following form0 

Jx99 = (u-i)9-e 2 n, (2.9) 

where ^ is a function of u, u related to considered equations, e is a constant related to p, r. It is 
not difficult to verify that 



Proposition 1. The discrete Riccati equation (|2.9p is solved by 



9 = e 2 P {l + ^9 j e 2 i\, (2.10a) 



with 

I- 1 



(2.10b) 



u — u 

3 



Jj+i 



HP 



YjWi-h i = 0,l,2,---, (00 = 1). (2.10c) 



In fact, supposing that M = ^ ^ ^ j in (|2.3a|) . one can always get 



v / |A/|0 2 =/3C7(--^)^-/? 2 v ^T-^, (2.8) 
which, devided by <f>2, yields a discrete Riccati equation of 9. 
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This gives an explicit form of 9, but it is not enough to get infinitely many conservation laws 
from (|2.7p . We still need an explicit 77. However, we can not insert r\ into a Riccati equation 
similar to (|2.9p with same e because e is independent of q. Fortunately, from the Lax pair (|2.3[) 
we may find the following relation 

V = uj(ae + 1), (2.11) 
where both 00 and a are functions of (u,u,u,p,q) and they satisfy 

— — J-^ = -a(u, u, u, q,p). (2.12) 

U){u,u,u,p, q) 

Thus, substituting the above 77 together with ()2.10p into the formal conservation law (|2.7p it 
is possible to get explicit infinitely many conservation laws. To do that, we make use of the 
following expansion formula. 

Proposition 2. The following expansion holds, 

(OO V OO 

1 + =J^/i i (t)fc J ' 1 (2.13a) 

i=\ ' j=i 

hj(t) = £ (- 1 ) H_1 (I«I " ( 2 - 13b ) 



where 



\ a \\=j 



and 



t = (h,t 2 , ■ ■ • ), a = (ai,a 2 , ■ ■ ■ ), a.i G {0, 1,2, • • • }, (2.13c) 

00 00 00 00 

t" = J]^, a! = JJ(oi!), \ct\ = J2 a ii \H\=Y, iai - ( 2 - 13d ) 

j=l i=l i=l i=l 

The first few of {hj(t)} are 

h 1 (t) = t 1 , (2.14a) 

Mt) = -~i? + *2, (2.14b) 

h 3 (t) = -i?-M 2 + i 3 , (2.14c) 

h A {t) = --tf + tjt 2 - ht 3 - -t 2 2 + U. (2.14d) 

VFe note £/ia£ {/ij(t)} a/so satisfy 

d ts h i+s (t) = d t .h i+j (t), for z, j, s G Z + , (2.15) 
and {/ij(t)} are different from the Schur function (See ]19$). 
Proof. Let us first prove the following expansion: 



oo 



a 



2>) =«! £ ^f' ( seZ+ )> ( 2 - 16a ) 

i=l ' [a|=s a ' 

00 

y = (2/1,2/2, •••), y a = l[y? i ( 2 - 16b ) 

i=i 
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Obviously, (|2.16ap is valid for s = 1. Taking derivative for (|2.16ap w.r.t. y^ and supposing 
(|2.16a|) is right for s — 1, one finds 



— i.h. s . of mm = ='•('-!)! E ^r = s! E ^ 

j=l \a\=s— 1 |ot|=«— 1 

and meanwhile 

° „ J, „ „f ( PI TTTTTTl _ „l y fc TT ^ _ ,1 y 



|a|=s J^fc J [a|=s— 1 

That means ()2.16ap is valid for any s € Z + . Then, noting that 

i+E^ =E(- 1 )- 1 7 ' 
i=i y «=i v i=i y 

using (|2.16ap with y, = tjfe 1 , and rearranging the expansion in terms of k, we get (|2.13ap . □ 

With this Proposition, from the formal conservation law (|2,7p we have 

Proposition 3. When 8 and rj are defined by (|2.10p and (|2.1ip . respectively, the formal con- 
servation law (|2,7p yields infinitely many conservation laws, 

A m Inp = A n lnw, (2.17a) 
A m h s (e) = A n h s {pa9), (s = 1,2,3,- ■■), (2.17b) 

where h s (t) is defined in (|2.13b|) . 

= (01,02,- ••), = (l,0i,02,--")> (2.17c) 
and p<T0 = (up, (T/o^i , ap02 ,■"')• 

3 Conservation laws of ABS lattice equations 

3.1 Conservation laws for HI, H2, H3, Ql, Q2, Q3 and Al equation 

Let us first, taking HI equation as an example, give a detailed procedure of deriving infinitely 
many conservation laws. 

The Lax pair of HI equation reads 

P ( u -uu+p- r \ , . 

' ' (3.1a) 



yV — p \ 1 — U 

7 ( u —uu + q — r 



, - , (3.1b) 

y/r - q \ 1 — u J 

Taking (3 = yjr — p = e, from (|3.1ap we can find 

4> 2 = (u - u)4> 2 ~ e 2 4>2, (3.2) 
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which leads to 

ee = {u-u)6-e 2 , (3.3) 

where 9 is defined in (|2.5|) . i.e., 9 = 4*2 /<p2- This is the discrete Riccati equation (|2.9p with fi = 1 
and is solved by (|2.10p . Further, taking 7 = yjr — q, from the Lax pair ()3.1|) we have 

6 IT = 7C ~ u ' 7] = — = — -u, (3.4) 

92 4>2 92 92 

which by eliminating 0i/</>2 yields the relation 

r\ = 6 + u — u. (3-5) 

This is ()2.1ip with uj = u — u and a = 1/(5 — u). Thus, for HI equation, based on Proposition 
[3] we can write out infinitely many conservation laws (|2.17p with fi, uj, a obtained above. We 
note that these conservation laws are as same as those derived via Gardner method [15] 

For the lattice equations H2, H3, Al, Ql, Q2, and Q3, starting from their Lax pairs, we can 
also derive infinitely many conservation laws through a similar procedure. Let us skip details 
and list main results of these equations together with HI equation. 

Proposition 4. For the lattice equations HI, H2, H3, Al, Ql, Q2, and Q3 in ABS list, starting 
from their Lax pairs, one can construct a formal conservation law (|2.7p with 9 and r] defined 
in (|2.5p . where 9 satisfies the discrete Riccati equation (|2.9p solved by (|2,10p and 7] is expressed 
through (|2.11|) . By means of the polynomials {hj(t)} defined in (|2.13bp . one can explicitly 
express the infinitely many conservation laws as (|2.17p . In the following for HI, H2, H3, Al, 
Ql, Q2, and Q3 equation, we list out their Lax pairs, parametrisation of j3, 7, and auxiliary 
functions //, uj and a. For HI equation, its Lax pair reads (|3.ip with 

ft = Jr — p = e, 7 = Jr — q, u = 1, uj = u — u, a = — — — . (3-6) 

u — u 



For H2 equation, its Lax pair reads 

~_ f3 f u + p — r —uu + (p — r)(u + u)+p 2 — r 2 



yj2{r -p)(p + u + u) V 1 -u-p + r 

7 ( u + q — r —uu + (q — r)(u + u) + q 2 — r 2 



y/2(r -q)(q + u + u) \ 1 -u-q + r 



(3.7a) 
(3.7b) 



and 



P=y/2(r-p) = e, 1 =y / 2(r-q), (3.8a) 

9—q+u—u Wp+u^ 

1 0- = — 

y/q + u + u p-q + u- a 



I — ■ -z= p-q + U-U ySp + U + U 

fj, = \/p + u + u, uj = — =-, a = — — — . (3.8b) 



For H3 equation, its Lax pair reads 



ru —puu — 5{p 2 — r 2 ) 
y/(p 2 - r 2 )(uu + p5) V P ~™ 

7 f ru —quu — 5(q 2 — r 2 ) 



^{q 2 -r 2 )(uu + q5) \ Q -ru 



(3.9a) 
(3.9b) 
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and 



\Jp 2 -r 2 _ _ 



? - v " ' r. - ^L^I. (3.10a) 

r 



^-c r qu — pu qJuu + p5 

H=^UU + pd, CO = , CJ = — ^ . 

p^Juu + qS qu-pu 



(3.10b) 



For Ql equation, its Lax pair reads 



~ _ (3 ( ru+ (p — r)u —puu — 5 2 pr{p — r) , , •> , 1 

y/r(r-p) [{u - u) 2 - 5 2 W\ \ P (r - p)u - ru ! ' 



7 / ru + (q — r)u —quu — 8 qr(q — r) 



~ v / r(r-q)[(u-u) 2 -8 2 q 2 } \ Q (r - q)u - ru 

and 



(3.11b) 



p = yWr^£ = vM ! ^) ) (312a) 

r r 

/- —2 q(u-u) -p(u-u) g^{u - u) 2 - 8 2 p 2 

V=V(u-u) -^P, w= =, o=-pz \ pz r. (3.12b 

pxj{u-u) 2 - 5 2 q 2 q(u - u) - p(u - u) 

For Q2 equation, its Lax pair reads 

~ _ (3 ( ru + (p — r)u — pr{p — r) —puu—pr(p — r){u + u—p 2 +pr — r 2 )\ /o iq \ 
y/A \ P ( r — p)u — ru + pr{p — r) / ' 

2_ _J_ ( ru + (q - r)u - qr(q - r) -quu - qr(q - r)(u + u - q 2 + qr - r 2 ) \ fqiqM 
y^B V q (r - g)u - ru + qr(q - r) / ' 

,4 = r (r - p) {(p 2 -u) 2 +u(u-2u-2p 2 )}, B = r{r - q) {(q 2 - u) 2 + u(u - 2u - 2q 2 )} , 

(3.13c) 

and we take 

f3= vMr-p ) =g; 7= vM^-g) ^ ^ = ^2 _ u ) 2 + ~(~ _ 2n - 2p 2 ), (3.14a) 



(p - q)(u - pq) + qu - pu q^J (p 2 - u) 2 + u(u - 2u - 2p 2 ) 

oj = , a = -. -7 r — — — . (o.l4b) 

P V (q 2 -u) 2 +u(u-2u- 2q 2 ) (P - q){u - pq) + qu - pu 

For Q3 equation, its Lax pair reads 

~_ P ( p(r 2 - l)u - (r 2 - p 2 )u - r(p 2 - l)uu + 5 2 (p 2 - r 2 )(p 2 - l)(r 2 - I)/ Apr 
y/A\ r(p 2 -l) (r 2 — p 2 )u — p(r 2 — l)u 

(3.15a) 

2_ 7 ( q{r 2 - l)u - (r 2 - q 2 )u - r(q 2 - l)uu + 5 2 (q 2 - r 2 )(q 2 - l)(r 2 - l)/4qr 
"71V r(g 2 -l) {r 2_ q 2 )u _ q{r 2_ l) - 

(3.15b) 
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with 



and we take 



A = (r 2 - l)(r 2 - p 2 )[(u - pu){pu -u) + 5 2 (l- p 2 ) 2 /(4p)}, (3.15c) 
B = (r 2 - l)(r 2 - q 2 )[(u - qu){qu - u) + 5 2 {l - q 2 ) 2 /(4q)\, (3.15d) 



^ (r 2_ 1)(r 2_ p2) V(r 2_ 1)(r 2_ g2) 

P = - o ; = £, 7=- 5 , (3.16a) 



yj{u-pu){pu-u) + 5 2 (1 -p 2 ) 2 /(4p), (3.16b) 

p(q 2 - l)u + (p 2 - q 2 )u - q(p 2 - l)u 

Ld = =, (3.16c 

(p 2 - l)y/(u - qu)(qu -u) + 5 2 (l- q 2 ) 2 /(4q) 

a = (g 2 ~ l)y/(u-pu){pu -u) + 5 2 {l- p 2 ) 2 /{Ap) 
p(q 2 — l)u + (p 2 — q 2 )u — q{p 2 — l)u 

For Al equation, its Lax pair reads 

~ /3 ( ru+{r—p)u —puu + 5 2 pr{p — r) 



\J r (p ~ r ) [i u + u ) 2 ~ o~ 2 P 2 ] \ P r ^ u ru 

ru+ (r — q)u —quu + 5 2 qr(q — r) 



(3.17a) 

, i r ■ ( 3 - 17b ) 

^Jr(q-r)[(u + u) 2 -5 2 q 2 ] V q (q-r)u-ru 

and 

P= ^ P r ~ r) =e, 7= >A(g- r > , (3.18a) 



/- — —2 =-* q(u + u) -p(u + u) qy/ (u + u - 5 2 p 2 . 

V = V (u + u) 2 - 5 2 p 2 , uj = =, ^=-7 — -~ 7 — -~. (3.18b 

py^u + S) 2 - #V g(w + u) - p(u + u) 

There is a transformation [I] 

„ = (_!)«+".„ ( 3 19 ) 

connecting Ql equation and Al equation 

p(t> + v)(v + v) — q(v + v)(v + v) — 5 2 pq(p — q) = 0. (3.20) 

In fact, one can substitute ()3.19j) into the infinitely many conservation laws of Ql equation to 
get those of Al equation. The obtained conservation laws are as same as those derived through 
(|3.18p (with v in place of u). 

3.2 Conservation laws for A2 equation 
3.2.1 Transformation 

The transformation [1] 

u = v { - 1 > (3.21) 
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connects Q3|^ = o equation 

(q 2 — p 2 )(uu + uu) + q(p 2 — l)(uu + uu) — p(q 2 — l)(uu + uu) = (3.22) 
and A2 equation 

(q 2 — p 2 )(vvvv + 1) + q(p 2 — l)(vv + vv) — p(q 2 — l)(vv + vv) = 0. (3.23) 



Noting that the conservation law (|2.4p of equation (|2.ip is a relation that holds for all of u 
satisfying (|2.ip . for A2 equation ()3.23j) what we need is to list out conservation laws of Q3|<5 = o 
equation (|3.22p and then replace u by i/ -1 )™ ™. 

Proposition 5. The infinitely many conservation laws of Q3\s=o equation ()3.22p is given by 
(|2.17p with 9, t] and {hj(t)} given in (|2.10p . (|2.1ip and (|2.13b|) . respectively, and 



fi = yju — pu) {pu — u) , (3.24a) 

p(q 2 — l)u + (p 2 — q 2 )u — q(p 2 — l)u (q 2 — 1) yju — pu) (pu — u) 

lo = = , a — 



(p 2 - l)y/(u - qu)(qu - uj ' p{q 2 - l)u + (p 2 - q 2 )u - q{p 2 - l)u 

(3.24b) 

The infinitely many conservation laws of A2 equation (|3.23p can be given through the infinitely 
many conservation laws of Q3\s=o equation (|3.22p by replacing u by v( _1 )" +m . 

3.2.2 Lax pair approach 

Conservation laws of A2 equation can also be derived directly from its Lax pair which reads 



(3.25a) 



(3.25b) 



~ /3 ( —r(p 2 — \)u p(r 2 — l)uu — (r 2 — p 2 ) 

yfA V ( r2 — p 2 )uu — p(r 2 — 1) r(p 2 — l)u 

2_ 7 / — r(q 2 — l)u q(r 2 — \)uu — (r 2 — q 2 ) 

~ y/B V ( r2 ~ q 2 )uu - q(r 2 - 1) r(q 2 - l)u 

with 

A = (r 2 — l)(r 2 — p 2 )(p — uu)(puu — 1), B = (r 2 — l)(r 2 — q 2 )(q — uu)(quu — 1). 
Since, in this case, the equation (|2.8|) becomes 

_ a rp(p 2 -l)(r 2 -l)(u-u) 2 a2 rj p(l-r 2 ) + (r 2 - p 2 )uu 
p(l — r z ) + (r z — p A )uu p{l — r z ) + (r z — p z )uu 

which is difficult to get a solvable Riccati equation for 9 = 4>2/4>2, we turn to another formulae 
set 

= ll = I [ \< r 2 _ p 2 ) U u _ p ( r 2 - 1)1 ( + r(p 2 -l)u], (3.27a) 
i) = - = -f \(r 2 - q 2 )uu - q(r 2 - 1)1 ( + r (q 2 - l)u] . (3.27b) 

4>2 V 
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By 9 and r\ the formal conservation law is written as 

A m ln0 = A n In 77. 
(|3.27ap and (|3.27bj) are derived from the Lax pair (|3.25p . where 



C = (3.27c) 

<P2 



and 



\i = yip — uu){puu — 1), z/ = \/ (q — uu)(quu — 1), (3.27d) 

and we have taken 



/? = vV -l)(r 2 -p 2 ), 7 = yV _ l)( r 2 _ ^ 



C is determined by the following equation 

~ = -r(p 2 -l)u( + p{r 2 - l)uu - (r 2 - p 2 ) 
[(r 2 — p 2 )uu — p(r 2 — 1)] £ + r(p 2 — l)u ' 

which is derived from ()3.25ap . 

To solve ipnZBjl . we take (cf. [TB]) 

C = 5 + C, £ = r-p, (3.29) 

and we reach to 

(ao + aie + a 2 e 2 )& + (he + & 2 £ 2 )£ + (co + cie + c 2 e 2 )£ + (die + ^e 2 ) = 0, (3.30) 

where 

ao = —p(p 2 — 1), cti = 2p(uu — p), a 2 = uu — p, 
h = (2puu — p 2 — 1)5, 62 = (uu — p)u, 

c o = p(p 2 — l)( u — u), c\ = 2pu(uu — p) + (p 2 — l)u, c 2 = (uu — p)u, 
d\ = 2p(uu 2 u + 1) — (p 2 + l)(uu + uu), d 2 = uu 2 u + 1 — p(uu + uu). 
Equation (|3.30p is then solved by 

00 

with 

* - d i 

4i — > 

co 

6 = (ao£i£i + + c i6 + ^2), 

co 

6 = — ko(£i6 + 66) + + &i& + b 2 £i + c x £ 2 + c 2 6] > 

co 

j 2 s-k-1 2 2 

6 = (y^«fc ^ + E 0fc6-fe + E Cfc^-fc) , (s = 4,5, •••). 

C ° fc=0 8=1 fc=l fc=l 
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Next, we express (|3.27|) in terms of £ and e as 

= - [(/o + he + he 2 )t + gie + g 2 e 2 ] , (3.33a) 
A* 

rj = - [(wq + w\£ + ^2£ 2 )£ + zq + Z]£ + z 2 e 2 ] , (3.33b) 

with 

f =p(l-p 2 ), f 1 =2p(uu-p), f 2 = uu-p, 
gi = (2puu — p 2 — 1)5, g 2 = (uu — p)u, 

w = (p 2 — q 2 )uu — q(p 2 — 1), W\ = 2p(uu — q), w 2 = uu — q, 

z o = (p 2 — q 2 )uuu — q(p 2 — 1)2 + p(q 2 — l)u, z\ = 2pu(uu — q) + (q 2 — 1)2, z 2 = (uu — q)u, 



and we can get solutions 

a (Mi + 9i)e 



i+E^j' (3 - 34) 



with 



3 /o6 + Ml + 52 

Mi + gi 

n Ms + 1 + Ms + Ms 



Ml + 01 



(3.35a) 

-, (a = 2,3,---), (3.35b) 



and 



with 



(OO x 
1 + (3-36) 

.7 = 1 7 



771 = — (w £i + zi), (3.37a) 
zo 

m = —(W0C2 + u>i£i + 22), (3.37b) 
^0 

! 2 

t? s = — ^Jw^s-i, (s = 3,4, •••). (3.37c) 

z ° i=0 

Finally, by means of the polynomials {hj(t)} defined in (|2.13b|) . the infinitely many conser- 
vation laws of A2 equation are given by 

Am l n Mi±5i = Anln £o, (3 . 38a) 

[l v 

A m h s (0) = A n h s (rj), s = l,2,-.., (3.38b) 

where 



■ 1 >i 



= (6>i, 6> 2 , ■ ■ • ), r7 = (771,772, 
with /j, v, {6j} and {rjj} given in (j3.27d|l . (|3.35p and ()3.37p respectively. 
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3.3 Conservation laws for Q4 equation 

For Q4 equation, one can use the same method as in Sec l3.2.2l Lax pair of Q4 equation is 

~ _ /3 ( r(l — p 2 r 2 )u + (pR — rP)u —p(l — p 2 r 2 )uu — pr(pR — rP) \ , > 

y/A V pO- -P 2 !" 2 ) +pr{pR - rP)uu — r(l - p 2 r 2 )u - (pR - rP)u ) ^ ' 

■7 _ 7 / r(l - q 2 r 2 )u+ (qR- rQ)u -q(l - q 2 r 2 )uu - qr(qR - rQ) \ , . 

y/B \ q(l - q 2 r 2 ) + qr(qR — rQ)uu — r(l — q 2 r 2 )u — (qR — rQ)u J 

with 

,4 = r(l -p 2 r 2 )(pR-rP) [2Puu + p 2 (u 2 u 2 + 1) 
B = r(l- q 2 r 2 )(qR - rQ) [2Quu + g 2 (u 2 u 2 + 1) 

and (r, it!) are formulated by the elliptic curve 

R 2 = r 4 - kr 2 + 1. (3.39c) 



~2 21 
U — U \ 



~2 21 

u — u 



Taking /3 = \/r(l — p 2 r 2 )(pR — rP) and 7 = — q 2 r 2 )(qR — rQ) in (|3.39p . we have 

9 = — [[p(l — p 2 r 2 ) + pr(pR — rP)uu] ( — r(l — p 2 r 2 )u — (pR — rP)u\ , (3.40a) 
77 = -[[g(l — g 2 r 2 ) + gr^i? - rQ)u2] £ - r(l - gV)u - (qR - rQ)u] , (3.40b) 

where 

C = x 1 , (3.40c) 

and 



// = v 72 ^ + f> 2 (u 2 5 2 + 1) - u 2 - u 2 , v = yj2Quu + q 2 (u 2 u 2 + 1) -u 2 - u 2 . (3.40d) 

The formal conservation law is given by 

A m ln6» = A n lnr?. (3.41) 

C is determined by the following Riccati equation 

C« + d) = a( + b, (3.42) 

which is derived from (|3.39ap . and here 

a = r(l — p 2 r 2 )u + (pR — rP)u, b = —p(l — p 2 r 2 )uu — pr(pR — rP), 
c = p(l — p 2 r 2 ) + pr(pR — rP)uu, d = — r(l — p 2 r 2 )u — (pR — rP)u. 

To solve it we take (cf. [TE] ) 

( = u + (, e = r-p, (3.43) 

and expand a,b,c,d as 



00 

</ 

i=0 i=0 «=0 i=0 



^ a^e 1 , 6 = ^ bie\ c = ^2 °i £l i d = ^2 di£% - (3.44) 
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Since R denned in (|3.39cp can be expanded as 

<x> 

R = Y j ne i , (3.45) 



i=0 

in which is given by 



where 



||a||=t i=0 



g = (51,52,93,94), a = (01,02,03,04), Oj 6 {0, 1, 2, • • • } 

9i = ^(V - M, 92 = p(6p 2 - fc), 93 = -p 94 = p 
4 44 4 

ii^ii = i«i=^ ai ' ^^n^^)' g a= n^ a! ' 

i=l i=l i=l i=l 



we have 



a = p(l - p 4 )u, a\ = (1 — 3p 4 )-u + (pri - P)u, a 2 = -3p 3 u + pr 2 u, a 3 = -p 2 u + pr 3 S, 
ai=pr { u, (i = 4, 5, •••), 

60 = — p(l — p 4 )uu, b\ = 2p 4 uu — p 2 (pr\ — P), b 2 = p 3 uu — p(pr\ — P) — p 3 r 2 , 
k = -p 2 (pr i + r i _ 1 ), (i = 3,4, •••), 

c =p(l-p 4 ), ci = p 2 {pr\ - P)uu - 2p 4 , c 2 = [p{pr\ - P) + p 3 r 2 ]uu - p 3 , 
Q = P 2 (p^i + ri-i)uu, (i = 3, 4, • • • ), 

do = — p(l — p 4 )2, di = — (1 — 3p 4 )u — (pr\ — P)u, d 2 = 3p 3 u — pr 2 u, d^ = p 2 u — pr^u, 
di = -priu, (i = 4, 5, • • • )■ 

Consequently, (|3.42p turns out to be 

00 00 00 00 

^{ciu + di)e l l+ J^(ci5 - ai)e^ + ^ + difu - a t u - bi]e l = 0. (3.46) 

i=0 i=l i=0 i=l 

This is solved by 



with 

£1 = ~ — [(ciu + (fi)n - ai5 - 61] , 
c u - a 



I s— 2 s— fc— 1 -i — 1 

6 =— ^2 c k£i£s-k-i+^2[(ciU + di)i s -i+(ciU - ai)£ s -i]+(c s u + d s )u- a s u- b s 

c u-a L k=0 i=1 i=1 
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for s = 2, 3, • • • . 

Next, from (EOS]) and (ET3D1) one has 



1 ✓ OO OO s 

'=-(E« e< *+E*4 (3 - 48a) 

+ A (3.48b) 

^ M=0 i=0 ' 



77 

V 



where 



/o = 0, fi = CiU + di, (i = l,2, ■■■), 

wo = q(l — q 2 p 2 ) + qp(qP — pQ)uu, w\ = —2pq 3 + q(qP + pqr\ — 2pQ)uu, 

w 2 = -q 3 + q(qpr 2 + qri - Q)uu, Wi = q 2 (pri + n-i)u% (i = 3,4, •••), 

z = -pi} - q 2 p 2 )u - (qP - pQ)u + w u, Z\ = (3p 2 q 2 - l)u - (qri - Q)u + w\u, 

z 2 = 3pq 2 u - qr 2 u + w 2 u, z 3 = q 2 u - qr 3 u + w 3 u, Zi = —qnu + WiU, (i = 4, 5, •••). 



Further 



where 



(cq6 + 



V 3=1 J 



*3 = CQ ^ + fl (E C ^]+l-k + fj+l) , (j = 1, 2, • • • ), 



(3.49) 



(3.50) 



and 



where 



7] 



r?j = — {S^Wk^j-k + Zj \ C? = 1,2, ■ • ■ )- ( 3 - 52 ) 
z ° V fc=0 y 

Finally, by means of the polynomials {/^(t)} defined in (|2.13b|) . from the formal conservation 

law ()3.4ip . the infinitely many conservation laws of Q4 equation are given by 

A m In — = A n In — , (3.53a) 

A m /i s (0) = A n /i fl (»/), s = l,2,---, (3.53b) 

where 

with fi, v, 6j and ijj are given by (|3.40d|) . (|3.5(jp and (|3.52p . respectively. 
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4 Conclusions 



We have shown that infinitely many conservation laws of ABS lattice equations can be derived 
from their Lax pairs. We generalized the approach used in [9]. From a discrete (two by two) 
Lax pair it is easy to write out a formal conservation law. We found a generic discrete Riccati 
equation (|2.9p that is shared by HI, H2, H3, Ql, Q2, Q3 and Al equation. This generic Riccati 
equation is derived from their Lax pairs. It provides a series-form solution for 9, and with the 
help of polynomials {hj(t)} defined in ()2.13bj) . the infinitely many conservations laws can be 
expressed both algebraically and explicitly. We also want to emphasise that the value of /3 
that we choose is important for getting the solvable generic discrete Riccati equation, while in 
Gardner method /3 is cancelled in the ratio form u = 4>\/4>2- Besides, we also note that if we 
conduct the same procedure starting from (q,^~) part of Lax pairs, we will get same conservation 
laws due to the symmetric property (|2. 12 j) . A2 and Q4 equation seem to be special and so far 
we do not know whether their Riccati equations fall in the same generic form (|2.9|) . For them 
we derive their conservation laws by using the approach used for the Ablowitz-Ladik system [9] . 
This is closely related to Gardner method because for a CAC equation, its Lax pair is obtained 
by just taking u = fa/fa in its BT. However, starting from Lax pairs gives naturally the formal 
(initial) conservation law. Compared with [16] . our formal conservation laws and the initial 
conservation laws in [16] are same for HI, H2, H3, Q2 and Q3 equation, while for Al, A2, 
Ql and Q4 equation, they are different. Our approach can apply to other multidimentionally 
consistent systems such as NQC equation [20|, discrete Boussinesq type equations [21j|22] and 
so on. 

Acknowledgments 

The author (Zhang) are very grateful to Prof. C.W. Cao for his enlightening and enthusiastic 
discussion on discrete Lax pairs. This project is supported by the NSF of China (No. 11071157), 
SRF of the DPHE of China (No. 20113108110002) and Shanghai Leading Academic Discipline 
Project (No. J50101). 



References 

[1] V.E. Adler, A.I. Bobenko, Yu.B. Suris, Classification of integrable equations on quad-graphs, the 
consistency approach, Commun. Math. Phys., 233 (2003) 513-43. 

[2] M.J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, SIAM, Philadelphia, (1981). 

[3] V.B. Matveev, M.A. Salle, Darboux Transformations and Solitons, Springer- Ver lag, Berlin Heidel- 
berg, (1991). 

[4] Y.S. Li, G.C. Zhu, New set of symmetries of the integrable equations, Lie algebra and nonisospectral 
evolution equations (II): AKNS system, J. Phys. A: Math. Gen., 19 (1986) 3713-25. 

[5] M. Wadati, H. Sanuki, K. Konno, Relationships among inverse method, Backhand transformation 
and an infinite number of conservation laws, Prog. Theo. Phys., 53 (1975) 419-36. 

[6] K. Konno, H. Sanuki, Y.H. Ichikawa, Conservation laws of nonlinear evolution equation, Prog. Theo. 
Phys., 52 (1972) 886-9. 



15 



[7] V.E. Zakharov, A.B. Shabat, Exact theory of two-dimensional self-focusing and one-dimensional 
self-modulation of waves in nonlinear media, Sov. Phys. JETP, 34 (1972) 62-9. 

[8] T. Tsuchida, M. Wadati, The coupled Modified Korteweg-de Vries equations, J. Phys. Soc. Jpn., 67 
(1998) 1175-87. 

[9] D.J. Zhang, D.Y. Chen, The conservation laws of some discrete soliton systems, Chaos, Solitons and 
Fractals, 14 (2002) 573-9. 

[10] Z.N. Zhu, X.N. Wu, W.M. Xuc, Z.M. Zhu, Infinitely many conservation laws for the Blaszak- 
Marcincik four-held integrable lattice hierarchy, Phys. Lett. A, 296 (2002) 280-8. 

[11] O.G. Rasin, P.E. Hydon, Conservation laws of discrete Korteweg-de Vries equation, SIGMA, 1 (2005) 
Paper 026. 

[12] P.E. Hydon, Conservation laws of partial difference equations with two independent variables, J. 
Phys. A: Math. Gen., 34 (2001) 10347-55. 

[13] O.G. Rasin, P.E. Hydon, Conservation laws for integrable difference equations, J. Phys. A: Math. 
Theor., 40 (2007) 12763-73. 

[14] P. Xcnitidis, Symmetries and conservation laws of the ABS equations and corresponding differential- 
difference equations of Volterra type, J. Phys. A: Math. Theor., 44 (2011) 435201-22. 

[15] A.G. Rasin, J. Schiff, Infinitely many conservation laws for the discrete KdV equation, J. Phys. A: 
Math. Theor., 42 (2009) 175205-20. 

[16] A.G. Rasin, Infinitely many symmetries and conservation laws for quad-graph equations via the 
Gardner method, J. Phys. A: Math. Theor., 43 (2010) 235201-11. 

[17] A.V. Mikhailov, J. P. Wang, P. Xcnitidis, Recursion operators, conservation laws and integrability 
conditions for difference equations, Theor. Math. Phys., 167 (2011) 421-43. 

[18] J. Hietarinta, Searching for CAC-maps, J. Nonl. Math. Phys., 12 (2005) Suppl.2, 223-30. 

[19] Y. Ohta, J. Satsuma, D. Takahashi, T. Tokihiro, An elementary introduction to Sato theory, Prog. 
Theor. Phys. Suppl., 94 (1988) 210-41. 

[20] F.W. Nijhoff, G.R.W. Quispel, H.W. Capel, Direct linearization of nonlinear difference-difference 
equations, Phys. Lett. A, 97 (1983) 125-8. 

[21] J. Hietarinta, Boussinesq-like multi-component lattice equations and multi-dimensional consistency, 
J. Phys. A: Math. Theor., 44 (2011) 165204-25. 

[22] D.J. Zhang, S.L. Zhao, F. W. Nijhoff, Direct linearization of an extended lattice BSQ system, Stud. 
Appl. Math., 129 (2012) 220-48. 



16 



